Non-powered flight vehicles such as kites can provide a means of transmitting wind energy from higher altitudes to the ground via tethers. Although there have been many proposals for systems to extract wind energy from higher altitudes, this paper focuses on the use of a light lifting body at the end of a tether to generate useful power. Two major configurations are studied: 1) the kite is used to tow a ground vehicle in the cross-wind direction, 2) the kite is flown to generate power using a ground generator. In both cases, the useful work done by the kite is transmitted to the ground through the tether. Both applications require automatic control of the kite. A simplified system model is used to study the nature of the optimal trajectories of the system for different wind speeds. Numerical results illustrate that optimal power generation requires complex three-dimensional kite trajectories, whereas cross-wind towing requires much simpler trajectories. A feedback tracking controller is demonstrated for tracking the kite trajectories in the presence of unsteady winds.
I. Introduction
IND energy is an important source of potential power that has not yet been fully exploited. Over the last several decades, many proposals have been put forward for devices to extract and utilize wind energy. The most popular design is based on the wind turbines placed relatively close to the ground. However, it has long been known that the Earth's surface creates a boundary-layer-like effect on the wind so that the wind speed generally increases with altitude. In fact, it is possible for significant wind to be present at higher altitudes with little to no wind on the ground. This knowledge has spawned several radical ideas for wind power extraction. However, many of the basic principles of transmitting wind energy to the ground have been used since the early days of kite-flying, when kites were used for towing boats and wagons, 1 or for lifting objects such as weather instrumentation. 2 In these applications, a kite is flown so as to produce a beneficial lifting or pulling force that is transmitted to an object at lower altitude via a tether. However, as pointed out by Carpenter, 1,2 with the advent of manned aircraft, such devices are seldom used today. One of the major problems encountered in early application of kites for towing vehicles was the lack of adequate feedback control to cope with changing and unsteady winds. Modern day control techniques are capable of circumventing some of these problems, which has seen renewed interest in kite research. This paper is motivated by the desire to design an efficient system for extracting energy from the wind at high altitudes. Kites are envisioned to provide the optimal combination of lift-to-weight, together with an ability to be maneuvered, that make them particularly appealing for wind energy extraction.
One of the most promising applications of kites is for providing a means of generating electricity. By controlling the forces on the kite, thereby influencing the cable tension, it is possible to generate net power by utilizing a drum that is capable of paying the cable in-and out. If the tether is let out at high tension, it is generating power. If the tether is then reeled back in, it is using power. The key idea is to control the kite in such a way that the tension during the reel-in phase is much lower than the tension during the pay-out phase. The larger the difference in tension during reel-in and reel-out, the greater the power that can be generated. At the most basic level, if control of the kite motion can be achieved remotely, then it is possible to manipulate the tension in the tether by changing the forces on the kite. For example, to increase tension, the kite angle of attack can be increased, thereby increasing the lift on the kite. Conversely, to decrease tension, the kite angle of attack is decreased. Much more complex motions can be envisioned. The forces on the kite are a function of the kite angle of attack, its roll angle, and the local relative air speed. The most important of these for increasing the total lift force is the air speed, since doubling it results in a four-fold increase in lift. Therefore, ways of achieving higher relative air speeds is an important issue to be addressed. This paper investigates the optimal means for flying a kite so as to produce maximum power for the purposes of electricity generation, as well as for towing ground vehicles. These two applications are related by the fact that the tether is utilized so as to produce work on the ground. For power generation, the kite needs to be flown in a manner that produces alternate periods of high and low tension, at which time the tether must be reeled with similar phasing. For cross-wind towing, the tension forces on the vehicle must directed in the cross-wind direction with maximum tension throughout the motion. An alternative is to combine both power generation and towing, whereby power is generated on the vehicle to be used by an onboard propulsion system. However, this particular application of kite technolgoy is not considered in this work. The motivation for utilizing a kite in the Roberts and Shepard 5 described the concept of a rotorcraft situated near-permanently in the upper atmosphere for generating electricity. The main design utilizes an airframe with two or more identical rotors inclined at a controlled angle to the windstream. The rotors are designed to generate electricity as well as providing lift to support the airframe. The tether would be constructed as an aluminium-Spectra composite. Spectra is a high strength fibre, which is required to withstand the high tensile loads generated in the tether due to drag. Aluminium is necessary for conducting the electricity from the turbines to a ground station. Roberts and Shepard provide an analysis of the system and showed that, on average, at sites in Australia and the U.S., landings would be necessary for about 30 hours per week with more frequent landings in summer due to lack of sufficient wind. Although Ref. 5 is a relatively new reference, the concept dates back to at least 1979. 18 Fletcher 19 discussed using a system consisting of a platform with rotary wings to provide power from the jet stream. A Kevlar tethering cable was suggested with aluminium conductors for the transmission of power to the ground. In this analysis, the rotary wing concept was suggested to have very high operating costs because of the need to replace the key components frequently. Furthermore, Rye 20 performed a linear stability analysis of the tethered rotorcraft and found that the system is stable for short tether lengths, but unstable for long cables. This implies that active control would be required to stabilize the system at high altitudes. Fry and Hise 21 suggested a tethered system supported by balloons or gliders with wind driven rotors affixed along the length of the tether to generate power. Kling 22 suggested a tethered aerostat carrying at least one gimbal-mounted rotor for generating power. Pugh 23 suggested wind generators at altitude suspended by a kite or similar arrangement. A number of other concepts for extracting wind energy through tethered systems at high altitudes have also been proposed. Many of these concepts also propose to locate the electric generator at altitude. [24] [25] [26] [27] [28] Mouton and Thompson 29 suggested a lighter-than-air craft (tubular aircraft) attached to a tether. Power is transmitted mechanically to electrical generators on the ground by power-transmission cables bridging drive sheaves at the turbine wheels and driven sheaves at the generators.
One of the major drawbacks of the aforementioned systems is that the power generator is collocated with the wind energy source. This means that the system must support a significant load in addition to the cable loads. This raises some problems in launching the system to the desired altitude, but more significantly introduces additional costs. An alternative concept was proposed by Ockels, 30 where power is generated by a series of high-lifting wings or kites that move a cable through an electric generator. The closed-cable consists of an upside and downside. The wings on the upside operate at high angles of attack generating high lift and pull the cable upwards, whereas the wings on the downside generate very low lift. The difference in tension at the ground winch causes the cable to be pulled through the generator, generating electric power. It is proposed that the wings would be constructed of light material or inflatable structures so that a soft landing would be assured in case of lulls in the wind.
The Laddermill concept has received some significant attention in recent years in Europe. Meijaard et al. 31 developed a mathematical model for the system including the effect of blade dynamics and found that the blade rotation is unstable in the presence of disturbances. Lansdorp and Ockels 32 also suggested the idea of a pumping mill, which consists of a single cable with connected wings (essentially half a Laddermill). This concept is like the Laddermill except that the cable is moved up and down alternately. It was concluded that the pumping mill is a lighter-weight option. The pumping mill is also a preferable option from the point-of-view of simplicity. Small-scale tests using a surf kite have been conducted with the kite motion controlled by drag flaps on the sides of the kite 33 and with sliding attachment points on the sides of the kite. 34 Recently, Bolonkin 35 presented a number of concepts for extracting wind energy from high altitudes based primarily on the concepts developed in Ref. 5 . Bolonkin noted that current wind energy sources are deficient on several grounds: 1) wind energy is unevenly distributed with relatively low energy density on the ground, 2) wind power is a function of the cube of velocity, 3) the power output is heavily dependent on weather conditions, and 4) noise production detracts from placement of wind turbine farms near populated areas. Bolokin proposed a system with a high altitude rotor deployed below a stabilized body. He suggested using the rotor as an autogyro if the wind drops below a given threshold. Other designs include a closed-loop cable with forward and backward blades that "rotate" as the cable is driven, which is basically the Laddermill concept, except that it is supported by a balloon. The system would be placed at an altitude of 10 to 12 km at latitudes between 20 and 35 deg. Advances in material make such a system practical using today's technology. For example, the development of Spectra and other fibres that have very high strength to weight ratios means that the cables can withstand much higher loads without adding significant weight to the system. The possibility of utilizing material such as carbon nanotubes, currently being investigated for possible use on the space elevator, would also result in much improved designs due to reductions in line drag.
Loyd 36 noted that kites have been used for hundreds of years for pulling or lifting loads. He suggested that a kite could be used to fly a closed-path downwind of a tether and transverse to the direction of the wind. This type of maneuver increases the crosswind airspeed by a factor of the lift-to-drag ratio of the kite. The lift could then be used to both support the kite and to generate power. He suggested either using the tether tension to "pull a load", or using an air turbine on the kite itself, to generate power. Using conventional 1980s technology, he suggested that a single machine's output would be roughly 3 times that of a ground-based turbine. Studies of the shape of the kite and tether have been performed. Varma and Goela 37 determined the shape of a kite tether under wind loading and showed that it can be significantly different from the standard catenary shape, whereas Jackson 38 derived the optimum shape for tension kites based on lifting-line theory. Payne and McCutchen 39 suggested different types of tethered "self-erecting" structures (autogyro-helicopter, paramill, sailplane) to extract power at altitude. The energy that is extracted is transmitted to the ground by one of the following: 1) a windmill carried at altitude drives an electrical generator and conducts power to the ground, 2) one or two tethered aircraft are controlled to fly large diameter circles with the tether ends connected to a lever arm on the ground whose vertical axis is fixed to a power generation device, 3) the tethered aircraft are controlled to zig-zag in the wind which rotates a small lever on the ground. Loeb 40 suggested using a tether with a train of parakites or modified parachutes to convert wind energy into rotational energy to allow the line to be pulled off a drum. Using canopy lines, the parakites could be selectively collapsed to allow the tether to be reeled in. The shaft output provides energy either by operation of standard electrical generators or air compressors. Another concept utilizing a sail or buoyant wing was suggested by Lois. 41 Carpenter 2 described a method for extracting energy from the wind using a tethered kite/aircraft. Instead of using a generator on the kite, the tether is pulled off a drum that drives a rotor. The kite is remotely controlled such that its angle of attack is manipulated as a function of position downwind. Three modes of operation were described. In each mode, power is generated when the kite travels downwind pulling the tether off the drum. Upwind travel consumes energy, and the three modes proposed are aimed to reduce the energy expended. The first mode increases the angle of attack at the completion of the downwind journey to cause the kite to increase altitude. The angle of attack is then controlled to cause the kite to move upwind and downward to its starting point. The second mode simply decreases the angle of attack at the completion of the downwind journey, thereby decreasing the tether tension, and the kite is simply reeled back in. The final mode is proposed to alter the surface area of the kite to change the lift and thereby the tension in the tether. The design of a variable surface paraglider was described by Hoisington, 42 who also noted that when a paraglider reduces its angle of attack, the wing becomes more likely to collapse. Thus, the variable area concept leads to better stability of the paraglider.
In the remainder of this paper, the tethered kite concept for generating power and cross-wind towing trajectories is examined. In particular, a small-scale version of such a system is studied from the point-of-view of dynamics and control.
III. Dynamic Modeling of Tethered Kite System

A. Towing Case
The system is modeled as consisting of a kite connected to a ground vehicle. The dynamics are simplified to enable an efficient study of optimal kite trajectories. Thus, the ground vehicle and kite are modeled as a point masses, with the forces on the kite generated as functions of the angle of attack and roll angle. In reality, the kite is controlled by moveable attachment points on the kite wingtips. This is described in more detail in Ref. 43 . The tether is assumed to remain straight, but the effects of distributed mass and drag are considered. The validity of the assumption of a straight tether depends on the tension in the tether, its length, and mass. Generally, the tether will take on a slightly curved shape due to the action of drag and gravity. The impact of this curvature is to alter the drag loading on the tether and shorten the distance between the winch and the tether tip. In dynamic simulations, changes in tether shape lead to string like vibrations. These vibrations are ignored for the purposes of initial design. The model developed in this section represents a sophisticated, yet efficient reference model for trajectory optimization. The approach is based on that taken by Ref. 44 , which dealt with planar motion of a cable towed from an aircraft. The modeling approach was validated by comparison with a more sophisticated lumped mass model of the cable.
The system model incorporating a moving ground vehicle is shown in Fig. 1 . The position and velocity of the ground vehicle is specified by its Cartesian components ( 0 0 , r r ) in the inertial coordinate system Oxyz. The instantaneous mass of the ground vehicle is 
The inertial velocity of the point s is given by ( ) 
The tether is assumed to be rigid and hence s L = . For a tether of uniform mass with line density c ρ , the ground vehicle mass is a function of tether length according to
Thus, the kinetic energy of the system is given by ( )
The potential energy of the system is given by 
The equations of motion are derived by direct application of Lagrange's equations in the form
However, before progressing to present the coupled equations of motion several points need to be made. First, the ground is assumed to be flat so that z = 0 is a constraint on the motion. Thus, z is not a generalized coordinate. It should be noted that sloping terrain can be easily incorporated by modeling the terrain as a function of x and y. Short-term variations in the terrain height can be compensated by a feedback controller and would not need to be included in the reference trajectories. Second, the ground vehicle is acted on by rolling resistance, which is dependent on the normal reaction of the vehicle on the ground. The normal reaction of the vehicle on the ground is also a function of the cable tension. Because the cable is modeled as inelastic, it is necessary to solve for the constraint force and normal force on the ground simultaneously. The complicating factor is that the ground accelerations are a function of the rolling resistance forces and therefore the ground reaction.
Define the normal reaction of the ground on the vehicle as z N . The rolling resistance forces are assumed to oppose the velocity of the ground vehicle, which is assumed to be always in motion. The rolling resistance can be defined as
where μ is the friction coefficient between the ground vehicle and the ground. These friction forces are suitable for low speed rolling resistance. In general, however, rolling resistance is a function of the vehicle speed. Thus, we define the ground reaction, z N , as an unknown constraint parameter, together with the tether tension T . The equations for the z -and L -coordinates are used to enable the simultaneous solution of all unknowns, including the system accelerations. The resulting set of differential algebraic equations are given by
where 
cos cos cos cos cos cos 
The generalized forces appearing on the right-hand side of Eqs. (9) through (14) are derived in the following subsection. It is important to point out that the vehicle is controlled only by movement of the tether. There is no active steering assumed on the vehicle itself (the vehicle is free to move in any direction; the direction of the tether tension controls the vehicle acceleration).
Other configurations include a vehicle attached to rails such that it is constrained in its movement. This possibility will be studied in future work.
Generalized Forces
The major external forces acting on the kite-tow system that are not modeled thus far in the equations of motion are the lift and drag forces from the kite, together with the drag forces on the tether and ground vehicle. The kite is assumed to be controlled by manipulating its angle of attack and roll angle. Thus, in this study, its attitude dynamics are ignored. The lift and drag forces due to the kite are derived using a velocity coordinate system, as shown in Fig. 2 .
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Fig. 2 Lift and drag forces on kite.
The vector that defines the plane containing the drag force and the velocity vector is given by 
Hence, the lift and drag force vectors are defined according to
Thus,
,
The generalized torques due to these forces are obtained as cos cos cos sin
sin sin cos sin cos
The drag forces on the tether are derived by assuming that the drag tangential to the tether is negligible. The computation of the drag forces is complicated by the fact that each part of the tether is moving at a different speed. Therefore, the tether is discretized into a series of elements so that the contributions of drag from each element can be summed to obtain the total drag force and torque due to the tether. The magnitude of the relative wind component tangential to the cable is given by
The components of velocity normal to the cable are computed from
The contribution of the tether drag to the generalized forces are obtained as The forces on the ground vehicle are assumed to be due to drag, which is modeled using the equations , ,
The complete set of equations of motion may be integrated after first solving the coupled differential equations for the second derivatives of the generalized coordinates together with the normal reaction and tether tension. The resulting equations are cast in state-space form.
B. Power Generation Case
In the case where the ground vehicle is reduced to a stationary ground station containing a winch, the above equations can be simplified considerably. The equations of motion are uncoupled and can be written in the form ( ) 
The generalized forces are given by Eqs. (19) , (20), (27) and (28) with the components of the velocity of the ground vehicle set to zero.
IV. Periodic Optimal Cross-Wind Trajectories
A. Cross-Wind Towing
The major objective of this paper is to establish the optimal means of flying the kite so as to produce the maximum crosswind control action on the ground vehicle, as well as maximum power generation. It is a relatively simple matter to utilize the system to travel downwind, which would require the system to operate at more or less a constant angle. This is by no means guaranteed to give an optimal solution. Efficient motion in the cross-wind direction will require more complex trajectories of the kite. In this section, the best way of flying the kite to maximize the cross-wind distance travelled by the vehicle is considered. To guarantee the repeatability of the maneuver for long periods, it is useful to derive the trajectory to be periodic. This means that the relative position and velocity of the kite to the vehicle is repeated with some prescribed period. In addition, the planar components of the vehicle velocity also need to be periodic. Note that this does not imply that the vehicle returns to its original position spatially, and hence the technique is potentially applicable for both short and long trips. Two specific cases are considered. The first maintains the tether at a constant length, whereas the second case allows the tether length to vary in a controlled manner within specified limits. For consistency, the numerical solution obtained for the fixed length tether case is used as the starting guess for the variable length case.
The vehicle is intended to travel for relatively long periods, for which it is assumed that there are no impediments, such as obstacles. Any practical system would need to be equipped with active steering to enable the vehicle to steer itself to its desired destination as well as to avoid hazards. However, this paper is a feasibility study of how to fly the kite to maximize cross-wind performance in the absence of active steering. The results can then be used as a baseline for further trajectory design.
The periodic optimal control problem can be stated as: Find the (pseudo)-control inputs
and corresponding
that minimizes the cost function
where 1 W is a weighting coefficient that effectively trades the kite control variations with cross-wind performance, and 2 W is a weighting coefficient that is used only when the tether length is variable. In this formulation, the period of the maneuver 0 f t t − is free to be optimized. Hence, the cost function is selected so as to maximize the average cross wind distance traveled per second (average velocity), while minimizing the total control effort. The periodicity conditions are given by 0 { , , , , , , , , , } { , , , , , , , , , }
Hence, all states except vehicle position are periodic. In addition to the above constraints, a path constraint is enforced to ensure that the model remains realistic (rolling friction is always assumed)
An additional constraint may need to be enforced on the tether tension to ensure that it remains positive. However, intuitively, for towing scenarios, maximum forces on the vehicle can only be generated by high tension. Hence, the tension should be kept large in the optimal solution. This has been validated from the optimal solutions in the case where the tether length is held fixed. The kite control parameters are constrained by the following constraints
In the case where the tether is allowed to vary in length, some additional constraints are necessary. Controlling the tether length through the reel acceleration potentially allows rapid changes in tether tension. Because the tether cannot sustain compressive forces, a path constraint of the form
must be enforced. In this paper, min T is set as 10 N. Furthermore, because the purpose of employing a high altitude kite is to obviate the need for fuel, it is clear that the reeling system should not consume excessive amounts of power. In fact, as will be seen in later sections, it is possible to recover spent energy through proper control of the tether length. To ensure that the net power used by the reel is at least recovered, the following integral path constraint is employed
The following additional constraints are imposed on the reeling
B. Maximum Power Generation
For maximum power generation, the objective is to maximize the power generated by the system per cycle. The instantaneous power is given by TL (assuming a 100 % efficient process). During one cycle, it is necessary to reel the tether out then back in again. This means that the tether tension must be judiciously controlled in such a way that the net energy per cycle is positive. In addition, because the kite model is highly simplified, it is desirable to maintain the kite control angles and reel acceleration as smooth as possible. Thus, we seek to minimize the following combined cost function
Here, the cycle period is free to be optimized so as to give the maximum average power per cycle. The system is subject to a minimum tension constraint given by Eq. (37) , and the constraints given by Eqs. (36) and (39) .
C. Numerical Method
The optimal control problems defined in the preceding subsections are solved using direct transcription methods. A large number of discretization techniques are available to assist in transcribing the continuous problem into a parameter optimization problem. Examples of such techniques are the Euler, Runge-Kutta, Hermite-Simpson, and pseudospectral methods. The Legendre pseudospectral method has found wide appeal for solving optimal control problems due to its accuracy and simplicity. 46, 48 Essentially, this approach discretizes the states and controls using Lagrange interpolating polynomials expanded at the Legendre-Gauss-Lobatto points for a specified order-N polynomial. The consequence of this choice is that the optimization parameters are the values of the states and controls themselves, as opposed to polynomial coefficients that usually do not have a physical meaning. In addition, the cost function is easily discretized by means of Gauss-Lobatto quadrature. The state equations are enforced in an approximate fashion by differentiating the interpolating polynomials for the states and employing an equality constraint at each LGL point. The equality constraints require the state derivatives to be equal to the vector field at the corresponding LGL point. Mathematical details are given in the following subsection.
Discretization and Solution Method
The states and controls are expanded based on Lagrange interpolating polynomials
The coefficients ( ), ( ) 
The state derivatives are approximated by analytically differentiating Eq. (41) and evaluating the result at the LGL points with the result expressible in terms of the differentiation matrix D , whose components are defined by
The derivatives are easily expressed by the following relationship 
Finally, the integral cost function is discretized via a Gauss-Lobatto quadrature rule so that
where j w are the Legendre-Gauss-Lobatto weights defined by
The process mentioned above is automated in the software DIDO, as well as in the software DIRECT written by the first author. This software is a MATLAB interface to the solver SNOPT, which implements a quasi-Newton algorithm.
D. Some Safety Considerations
Some potential issues related to the cross-wind towing application have already been alluded to, such as the need for active steering to avoid obstacles and other potential hazards. One of the advantages of using a kite in the system instead of other lifting bodies such as a rigid wing is that it reduces potential damage that can be caused if the system fails. Important considerations are the implications of tether severance. In either of the applications, the biggest risk is how the system behaves when the wind drops to zero or if the cable breaks. The danger increases as the cable length increases due to the radius of possible damage increasing with cable length. Furthermore, for very large scale systems, the cable will be a significant fraction of the system weight. Hence, for power generation, placement of the system will need to take into consideration issues such as system failure, as well as hazards to other air vehicles.
V. Tracking Controller
One of the challenges with using a kite-type system for extracting wind energy is that it is likely to be sensitive to gusts and turbulence. In other words, variations in the wind speed could disturb the system significantly, causing it to enter into an unrecoverable spin, dive, or collapse. These are issues that will need to be addressed in future studies. However, it is important to be able to establish whether the system is capable of following a desired trajectory determined in the presence of variations in the wind speed around the mean. In this study, a simple linear receding horizon based feedback controller is used to track the trajectories. The control inputs to the model are assumed to be the kite angle of attack and velocity roll angle. The feedback controller is essentially a PID controller based on the quanties , , , , , , , x x y y δ δ δ δ δθ δθ δφ δφ . The corresponding control gains are determined by solving the following optimization problem in state-space form: find the controls ( ) t δu that minimize the quadratic performance index
VI. Numerical Results
A. Kite Pulling Case
Length Fixed
Optimal trajectories for the system were generated with the time domain discretized into 160 segments and the tether divided into 10 elements for computation of the drag forces. The wind field is assumed to be of the form
where s h is a scaling height. In this model, the wind strength asymptotes to the value of W as the altitude increases. The assumed system parameters that are used for this analysis are given in Table 1 . It is important to note that the precise values that are used here are not important. The goal of this study is to develop an understanding of the general form of the optimal maneuvers required for cross-wind towing and/or power generation. The mass of the vehicle that is used for towing is made relatively large to ensure that the model remains valid, i.e., the vehicle is always in contact with ground. Table 1 Nominal system parameters. In the case where the tether length is held fixed, the optimal kite trajectories relative to the ground vehicle are shown in Fig.  3 . These results are generated with s h = 100 m with W ranging from 10 m/s to 15 m/s in increments of 1 m/s. Fig. 3 demonstrates that the shape of the trajectories are almost identical for different values of the mean wind. After noting that the vehicle is located at the origin, it is evident that the kite maintains a mean cross-wind position of approximately 400 m, which is similar to the mean altitude of the kite. Thus, the kite does not benefit from the larger winds that are present at higher altitudes due to the limit placed on the tether length. For all wind strengths, the kite performs a large, elliptic-like trajectory in the vertical plane normal to the wind direction. The maneuver is completed with a smaller, almost circular trajectory at a slightly higher altitude. It can be seen that the trajectories benefit from the cross-wind motion of the kite. This cross-wind motion is able to increase the relative wind speed at the kite by a significant fraction, as shown in Fig. 4 . The mean increase in relative wind is approximately 42.2% over the true wind speed at the kite, but significant instantaneous increases of up to 150% are possible. This is the primary reason why it is so beneficial to optimize the kite motion. The actual change in forces on the kite is proportional to the square of the relative wind speed. On average, the force increase on the kite relative to the case where forces are produced only from the true wind is 113.5%.
A summary of the optimal trajectories as a function of the maximum wind speed is given in Table 2 . The results show that the cycle time is on the order of 68 sec for wind speeds between 10 and 14 m/s, but drops to 61.5 sec for a wind speed of 15 m/s. The decrease in the cycle time causes the downwind and cross-wind distance per cycle to decrease relative to the 14 m/s case, but the actual average cross-wind velocity increases. Furthermore, an increase in wind speed leads to higher ratios of the cross-wind distance to downwind distance travelled per cycle. Fig. 5a shows that the kite is operated at the maximum angle of attack of 10 deg for the vast majority of the cycle. The decrease in angle of attack occurs when the kite is on the upper "smaller" circle. The kite roll angle is shown in Fig. 5b . It is important to realize that the definition of the roll angle is not relative to the inertial axes, but relative to the direction of the tether. Therefore, a kite with zero roll angle implies that the lift vector is in the plane of the tether and the relative wind vector. For this reason, the roll angle only varies by a relatively small amount with a peak of approximately 7.5 deg. Fig. 6a shows an example of the resultant aerodynamic forces on the kite for the case where W = 15 m/s. This plot illustrates that the aerodynamic forces are predominantly directed in the downwind direction with significant cross-wind components. This is in addition to the obvious vertical components required to sustain the kite altitude. Fig. 6b summarizes the complete picture of one cycle for the example of W = 15 m/s. The kite trajectory in the inertial frame for one cycle is shown, together with projections of the tether and the ground vehicle trajectory. This shows that the kite moves counter-clockwise around the trajectory shown in Fig. 3 . 
Variable Length Tether
In this section, the case where the tether length is allowed to vary during cross-wind towing is considered. These results are limited, however, to the case where the system is in continuous motion and no onboard propulsion is utilized. As mentioned in the Introduction, it would be possible to generate power onboard the vehicle using the kite system and then drive the vehicle using this power. This possibility is relegated for future study. Instead, the goal of this section is to assess any advantages that reeling the tether during the cross-wind cycle could have. For example, the maximum reeling rate is limited to 10 m/s, but this extra velocity at the kite could potentially increase the kite forces by a substantial factor. This must be weighed against the additional work that is performed by the reel. For this reason, the constraint that the net power used by the reel must be less than or equal to zero (i.e., net power can be generated, if that is optimal). Fig. 7 shows the kite trajectories relative to the ground vehicle for wind speeds in the range from 10 m/s to 15 m/s. Even a cursory comparison of Fig. 7 with Fig. 3 demonstrates that allowing the tether length to vary has a substantial effect on the nature of the optimal solution. It is interesting to note, however, that the wind speed has comparatively little overall influence on the shape of the optimal trajectory. It appears that the kite maneuvers in more or less an elliptical path whose center is offset into the desired wind direction. In the case where the tether length is held fixed, the kite motion was predominantly in the vertical plane. The major effect of allowing the tether length to vary is that the kite motion is predominantly in the horizontal plane. Fig. 8a shows the kite angle of attack during the optimal maneuvers. As in the case where the tether length is held fixed, the kite operates at the maximum allowable angle of attack for the majority of the maneuver. The angle of attack is decreased by up to 0.5 deg for a period of approximately 10-20 sec. Fig. 8b shows that the kite roll angle varies by approximately 6 deg during the optimal maneuver. A feature of the optimal results is that the roll angle is almost invariant with the wind speed. Fig. 9 shows the variation in tether length and length rate during the optimal cross-wind maneuver. It can be seen that some significant reeling of the tether occurs. The length varies by up to several hundred meters over a 2 minute period. The tether is reeled in at the maximum rate for a brief period, but is reeled out by an amount slightly less than the maximum permissible. The optimal cross-wind towing results with a variable length tether are summarized in Table 3 . The cycle time is on the order of 2 minutes, compared to approximately 1 minute for the length fixed case. The actual cycle time decreases very slightly as the wind speed increases. An increase in the wind speed results in larger down wind and cross-wind distances travelled. The ratio of cross-wind distance to down wind distance is approximately constant and equal to 1. This indicates that the vehicle travels on an approximately 45 degree angle to the wind direction. The average cross wind velocity clearly increases as a function of wind speed.
B. Power Generation Case
In the case where the kite is used for power generation, the wind field scale height is set to s h = 900 m. In these optimizations, the tether length is bounded to be within 30% of the nominal length (2 km) at all times. However, the initial length of the tether is not fixed. The optimal trajectories of the kite for generating power are shown in Fig. 10 for wind speeds in the range 10 m/s to 15 m/s. There are several important points to make about Fig. 10 . First, the trajectories for different wind speeds are actually quite different although the general form of the trajectories are similar. For example, the trajectories are not simple shapes (circles/ellipses) like in the cross-wind towing case. The kite motion is predominantly in the y-z plane, although there is some motion parallel to the x-axis due to variation in tether length. This result builds on the fact that motion in either the y-or z-direction is "cross-wind". Thus, there is a significant change in forces by zig-zagging the kite across the wind. A common feature in all trajectories is the rapid movement of the kite parallel to the x-axis. This corresponds to the rapid reel-in of the tether at the maximum speed, as shown in Fig. 11 . Fig. 11 illustrates that the tether is reeled out at a comparatively low speed on average (approximately 3 m/s). The tether is then changed to the reel-in mode, which occurs at the maximum reel acceleration. During reel-in, the tether is retrieved at the maximum possible speed. This behavior is typical of all maximum power generation trajectories. The corresponding angle of attack of the kite is shown in Fig. 12a , which demonstrates that the kite is operated at the maximum angle of attack for the majority of the power generation cycle, which maintains the tension at high levels during the time when the tether is reeled out. However, when the tether is reeled in, the angle of attack drops rapidly to decrease the tension. The minimum angle of attack is limited in this case to keeping the tension at the minimum level of 10 N. Clearly, a negative angle of attack would result in compressive forces on the tether and violate the physical constraint provided by a real tether, i.e., cannot sustain compressive loads. The roll angle of the kite is shown in Fig. 12b . Fig. 12b shows that the roll angle peaks at approximately 10 deg, whereas the variation of the entire power cycle is nontrivial. The power cycle is almost the same duration, irrespective of the wind strength. In fact, the cycle time decreases as the wind speed increases (for 10 m/s it is 58.6 sec, for 15 m/s it is 58.3 sec). The kite system is able to generate reasonable amounts of power, even for this highly simplified system. The average power produced per operating cycle is 10.84 kW, 14.53 kW, 18.84 kW, 23.83 kW, 29.52 kW, and 35.93 kW for wind speeds of 10 m/s through to 15 m/s, respectively. This demonstrates that even small increases in wind speed can lead to dramatic improvements in the power that can be generated using such a system. In fact, the results demonstrate the fact that power increases with the cube of the velocity.
C. Feedback Control Simulation for Cross-Wind Towing
In this final set of results, tracking control of the kite is considered for the case of cross-wind towing with a fixed length tether. The example where the mean wind speed is set to 15 m/s is selected, but unsteady winds are superimposed with a mean of zero and a standard deviation of 3 m/s. A second case is also simulated where the wind direction varies due to an unsteady wind in the y-direction (standard deviation of 2 m/s). Here, the same dynamic model that was used for the open-loop optimization is used. An example of the unsteady wind component is shown in Fig. 13 , showing that occasional wind gusts of up to 10 m/s are possible. Closed-loop trajectories are generated by utilizing the linearized equations of motion with a horizon length of the 1/20 the cycle time. The weighting matrices in the feedback controller were selected as: Q = diag[10,100,10,100,100,100,100,100], R = [100,100], S f = [100,1000,100,1000,1000,1000,1000,1000]. The closed-loop trajectory of the system over 5 cycles with up to ±5 deg initial disturbances to the tether angles and the gusts shown in Fig. 13 is shown in Fig. 14 . It is evident that the system can be controlled quite well to continuously move in the cross-wind trajectory over multiple cycles. Fig. 15 shows the closedloop kite trajectory relative to the ground vehicle. This plot shows that the system is able to track the kite trajectories extremely well, even in the presence of large external disturbances. However, the results show that simultaneous large perturbations to the wind speed and direction results in less accurate tracking. The required kite pseudocontrols are shown in Fig. 16 . Here, the maximum allowable angle of attack is increased to 15 deg to enable better tracking performance, i.e., the maximum angle of attack is set conservatively for the trajectory design. The results illustrate that it is necessary to be able to have sufficient control of the kite forces to obtain tight trajectory following capability. The control corrections are quite small for the majority of the time, but very large changes in the wind speed obviously require greater compensation. The results show that changes in wind direction result in larger perturbations to the required roll angle. Fig. 17 shows the components of the downwind and cross-wind velocity of the ground vehicle compared to the reference. For this particular application, increases in the cross-wind velocity are actually beneficial, despite being classified as a "perturbation". Fig. 17 shows that most of the perturbations to the ground vehicle velocity "help" the vehicle by speeding it up. Fig. 18 shows the closed-loop tether angles compared to the reference. Fig.  18 shows how good the tracking performance is for the tether motion. The tracking is degraded for the case where there is also an unsteady wind in the y-direction. Good tracking is necessary because small changes in these angles can cause substantial changes to the position of the kite, which are shown in Fig. 15 . Overall, it can be seen that it is possible to utilize a kite system for pulling vehicles across the wind and have the system track the trajectories. 
VII. Conclusions
Optimal control of a three-dimensional tethered kite system has been considered for optimizing the cross-wind dynamics. Two potential applications, towing of a ground vehicle and power generation, were studied by utilizing numerical optimal control. A simplified dynamical model of the system was derived to enable efficient, but representative solutions. In the case of cross-wind towing, results show that higher wind speeds are able to produce more useful work for towing the vehicle across the wind. However, it was also found that allowing the tether to vary in length results in improved cross-wind performance measured in terms of average cross-wind velocity. The variations in length can be achieved in such a way that no net energy is expended onboard the vehicle. All energy is generated using the wind itself. In the case of optimal power generation, highly complex trajectories were generated as a function of wind strength. The results show that the kite makes very efficient use of cross-wind motions to generate significantly higher aerodynamic forces, which results in large tensions. The results also demonstrate that the average power generated by the system increases with the cube of the wind velocity. Finally, a tracking controller was utilized to illustrate that cross-wind towing trajectories can be tracked in the presence of unsteady winds.
